A new type of isometry between the sets of irreducible characters of blocks is introduced and a conjecture is stated. Using the classifications of finite simple groups and saturated fusion systems over an extra special group P of order p 3 and exponent p, we check that the conjecture is affirmatively answered for the principal blocks of finite groups with Sylow p-subgroup P .
groups and of saturated fusion systems over P completed by Ruiz and Viruel [41] . In particular, there exists at least a bijection between the sets of ordinary irreducible characters. We find moreover that in many cases there is an isometry with certain separation and integral conditions, and compatible with their local objects. These conditions are defined with respect to a normal subgroup Q of P , and we call this isometry Q -perfect isometry, and if there exists those which are compatible with local objects, then we say that the two blocks are Q -isotypic. See Section 4 for the precise definition. They are complete generalizations of perfect isometry and isotypic defined by Broué. But, we cannot see the relationship between these isometries and their module categories nor the centers of block algebras over a discrete valuation ring. We hope that in the future such interesting phenomena will be regarded as shadows of some equivalences or other correspondences, like perfect isometries are considered as those of derived equivalences. We give the following conjecture. If two groups with common Sylow p-subgroups P have the same saturated fusion systems over P , then does there exist a Q -perfect isometry for some Q in the derived subgroup [P , P ] of P ? In this paper, we prove the following theorem, which shows that the conjecture is affirmatively answered in some cases.
Theorem 1. Assume that p = 3 or 5 and let P be an extra special p-group of order p 3 and exponent p. Assume that finite groups G and H have P as their Sylow p-subgroups and give the same saturated fusion system over P . Then the principal p-blocks of G and H are [P , P ]-isotypic.
Remark 2. For p 7, most cases are treated in [34] , where the existence of [P , P ]-perfect isometry is proved. See Section 11.
Finally, we would like to mention two facts. One is that for this particular P , several important papers have been already published. See for example [19, 23, 47] . The other is that another type of a generalized perfect isometry is defined in [26] .
Notations. Fix a prime p. Throughout this paper, (K , O, F ) denotes a p-modular system. That is, O is a complete discrete valuation ring, K the field of fractions with characteristic 0, and F the residue class field of O by its unique maximal ideal having characteristic p. We always assume that it is large enough for groups considered in this paper. Let G be a finite group and H a subgroup of it. For a character θ of H , the induced character of θ to G is denoted by θ↑ G and a down arrow ↓ means the restriction. These are applied also for modules. A character means an irreducible character over , then we say that χ has defect d. Also, if the p -part of |G|/χ (1) is congruent to ±r modulo p, we say that χ has p-residue ±r. For g ∈ G, the elements g p and g p of G mean the p-part and the p -part of g, respectively. If g p = 1, then g is called p-regular, and it is called p-singular otherwise. The centralizer of g in G is denoted by C G (g). For a subgroup H of G, g ∈ G H means that some G-conjugate of g lies in H . Thus, g / ∈ G H means that any G-conjugate of g does not lie in H . The maximal normal p-subgroup of G is denoted by O p (G) and the maximal normal subgroup of G with p order is denoted by O p (G) . For other notations and fundamental results in the modular representation theory of finite groups, we refer to [12] and [32] . We normally use n to denote a cyclic group of order n, though sometimes we use C n instead. Moreover, for a prime p, an elementary abelian group of order p n is denoted by p n . For an odd prime p, we denote by p 1+2n + an extra special group of order p 2n+1 and exponent p. Furthermore, S n and A n denote the symmetric group and the alternating group of degree n, respectively, and D 8 , Q 8 and S D 16 denote the dihedral group of order 8, the quaternion group and the semidihedral group of order 16, respectively. The This paper is organized as follows. After we review fusion systems and perfect isometries in Section 2, we introduce several invariants for p-groups and elements of finite groups in Section 3. They are used to define new isometries in Section 4. There we also state a conjecture. In Section 5, using the classification theorem of finite simple groups, we determine finite groups G with Sylow p-subgroups isomorphic to p 1+2 + and O p (G) = {1}. In Section 6, we state the classification theorem of saturated fusion systems over p 1+2 + . The case of p = 3 is treated in detail. The remaining sections are devoted to showing that the conjecture is affirmatively answered for the principal blocks of finite groups with Sylow p-subgroups isomorphic to p 1+2 + . When checking the conditions of the conjecture, the techniques developed for giving derived equivalences are useful. We remark in Section 7 that there exist splendid or Puig equivalences in several cases. Desired isometries are induced from them. However, there are some examples for which such derived equivalences do not exist. In these cases, we give new generalized isometries by indicating correspondences of characters. In doing so, one important thing is the transitivity of the new isometries, which does not seem to hold in general. But some results in this nature are prepared in Section 8. In Sections 9 and 10, respectively, groups having Sylow p-subgroups p 1+2 + for p = 3 and p = 5 are treated. Remarks on cases of p 7 and on isometries are given in Section 11. The computations in this paper are performed by using GAP [42] , CHEVIE [14] and MAPLE.
The authors are grateful to Dr. Kunugi, who kindly showed them how the techniques on derived equivalences are used. In fact, most of the derived equivalences claimed in Section 7 are suggested by her. Also they would like to express their heartfelt gratitude to Professors Okuyama, Koshitani, Yoshiara, Usami and Waki for giving them many important suggestions.
Fusion systems and perfect isometries
In this section, we review fusion systems and perfect isometries. First we review fusion systems following [41] . For a moment, P is a finite p-group.
Definition 3.
Let P be a p-group. A fusion system F over P is a category whose objects are the subgroups of P , and whose morphisms sets Hom F (Q 1 , Q 2 ) for subgroups Q 1 and Q 2 of P satisfy the following.
(i) Elements in Hom F (Q 1 , Q 2 ) are injective homomorphisms and all the homomorphisms from Q 1 to Q 2 given by the conjugation of elements of P lie in Hom F (Q 1 , Q 2 ). (ii) Every element f in Hom F (Q 1 , Q 2 ) can be written as a composition of the isomorphism f : Q 1 → f (Q 1 ) and the inclusion f (Q 1 ) ⊆ Q 2 , and the both lie in F .
Let Q be a subgroup of P . Then the set Aut Q (Q ) of Q -conjugations on Q is a normal subgroup of Hom F (Q , Q ). We use Out F (Q ) or simply Out(Q ) to denote Hom F (Q , Q )/ Aut Q (Q ). If there is an isomorphism in Hom F (Q 1 , Q 2 ), then we say that Q 1 and Q 2 are F -conjugate. Moreover, if Q 1 C P (Q 1 ) for all those Q 1 that are F -conjugate to Q , then we say that Q is F -centric. If Out F (Q ) has no non-trivial normal p-subgroup, namely, the maximal normal p-subgroup O p (Out F (Q )) of Out F (Q ) is trivial, then we say that Q is F -radical.
Definition 4.
Let F be a fusion system over P .
(i) A subgroup Q of P is said to be fully centralized in F , if |C P (Q )| |C P (Q 1 )| for all those Q 1 P that are F -conjugate to Q . (ii) A subgroup Q of P is said to be fully normalized in F , if |N P (Q )| |N P (Q 1 )| for all those Q 1 P that are F -conjugate to Q . (iii) We say that F is a saturated fusion system if the following are satisfied.
(a) Every fully normalized subgroup Q of P is fully centralized and Aut P (Q ) is a Sylow psubgroup of Hom F (Q , Q ).
(b) For Q P and ϕ ∈ Hom F (Q , P ) with ϕ(Q ) is fully centralized, let N = {g ∈ N P (Q ) | ϕc g ϕ −1 ∈ Aut P (ϕ(Q ))}, where c g is the conjugation by g. Then, there is ϕ ∈ Hom F (N, P ) such that the restriction of ϕ to Q is equal to ϕ.
Note that if F is a saturated fusion system, then from the definition above, Out F (P ) is a p -group. Every finite group G gives rise to a saturated fusion system F P (G) = F (G) over a Sylow psubgroup P of G (Proposition 1.3 of [2] ). This is given by defining Hom F (G) (Q 1 , Q 2 ) for subgroups Q 1 and Q 2 of P as the set of the conjugations from Q 1 to Q 2 by the elements in G.
The following theorem is a version of Alperin's fusion theorem. See Theorem A.10 of [2] .
Theorem 5. A saturated fusion system F is determined by the full subcategory of F -centric and F -radical subgroups.
In the rest of this section, we let B and B be p-blocks of finite groups G and H , respectively. We now review perfect isometries defined by Broué in §1 of [3] . Definition 6. If a generalized character μ of G × H satisfies the following, then we say that μ is perfect.
(P1) If μ(g, h) = 0, then either both g and h are p-regular or both are p-singular.
If a generalized character μ of G × H belonging to the block B × B of G × H is given, then we have a map
for χ ∈ Irr(B) and h ∈ H . Similarly, we can obtain the map I :
If μ gives a bijective isometry I and I with respect to the standard inner product defined on Z Irr(B) and on Z Irr(B ), we say that μ gives an isometry between B and B . This holds if and only if I is a bijection and for every χ ∈ B, we have I(χ ) = ±ψ for a unique ψ ∈ Irr(B ). Suppose conversely that if there exist a bijectionĨ : Irr(B) → Irr(B ) and a map ε : Irr(B) → {±1}, then we can define a generalized character μ of G × H by
and this μ gives an isometry sending any χ ∈ Irr(B) into ε(χ )Ĩ(χ ) ∈ Z Irr(B ). ) gives an example. A Sylow 2-subgroup P of G is not abelian but G and N G (P ) have the same saturated fusion systems over P . In [34] , it is shown that there is a [P , P ]-perfect isometry between the principal 2-blocks of G and N G (P ). Thus our conjecture holds in this case. Concerning another isometry defined in [26] , Gramain [16] shows that there exists a generalized perfect isometry in the sense of [26] with respect to 2 2 -regular conjugacy classes. In this case, a generalized block is nothing but the principal block and the conditions for a [P , P ]-perfect isometry are stronger than those for a generalized perfect isometry with respect to 2 2 -regular classes. For Ree's groups, a similar thing happens.
Broué considers isometries compatible with fusions in §4B of [3] , and defines isotypic in §4C as a family of perfect isometries between the corresponding blocks of the centralizers in G and in H of every p-elements in the common defect group. Suppose that there exists an isometry I : Z Irr(B) → Z Irr(B ). Let g be an element in the common defect group P and d 
G , then we say that B and B are isotypic.
It is known that if B and B are splendid equivalent [37] , then B and B are isotypic. We finally recall that if a Sylow p-subgroup P of G is abelian, then G and N G (P ) give rise to the same fusion system over P .
Some invariants
In this section, we introduce some invariants for p-groups and conjugacy classes in finite groups. They are used in the next section when we define a generalization of perfect isometries.
Let P be a p-group, and let Q be a normal subgroup of P . Let X(P ; Q ) be the subset of Z Irr(P ) consisting of those θ such that θ(g) = 0 for all g ∈ P \ Q ,
We also define
to be the image of the induction map from Z Irr(Q ) to Z Irr(P ). Then, X(P ; Q ) and V (P ; Q ) are Zsubmodules of Z Irr(P ). Moreover, we have V (P ; Q ) ⊆ X(P ; Q ). Furthermore, the argument given in the proof of Lemma 3.3(ii) in [38] shows that V (P ; Q ) and X(P ; Q ) have the same Z-rank. In fact, it is shown that the following holds.
Proposition 11. With the notation above, there exists a non-negative integer c such that p c X(P
Definition 12. Let P be a p-group and Q a normal subgroup of P . We denote by c(P ; Q ) the nonnegative integer c smallest among those c which satisfy p c X(P ; Q ) ⊆ V (P ; Q ). If Q = [P , P ], the derived subgroup of P , we simply write c(P ; [P , P ]) = c(P ).
Remark 13.
(i) We have c(P ; {1}) = 0, since X(P ; {1}) and V (P ; {1}) are both generated by the regular character of P over Z. 
Remark 15.
(i) The number s Q (g) does not depend on the choice of S and if g ∈ G is G-conjugate to g, then
(ii) Let Tr We apply the above notion to the direct product G × H of two finite groups G and H having a common p-subgroup P . Let Q be a normal subgroup of P . Consider the subgroup (Q × Q ) (P ) of P × P , where 
Proof. Choose Sylow p-subgroups S 1 and S 2 of C G (g) and C H (h) respectively such that |(
it is easy to see that if i = j, then (x i , 1) and (x j , 1) do not lie in the same coset of (
On the other hand, note that ( 
The invariants s Q (G) and s Q (g, h) are related to values of relatively projective modules. The following is due to Green [17, 18] . See also [12, Proof. We may assume that M is indecomposable. Let S be a Sylow p-subgroup of C G (g) and let V a Q -source of M. Then M↓ S× g p is isomorphic to a direct summand of a direct sum of 
In particular, if B and B are splendid equivalent [37] , then there exists a perfect isometry given by μ satisfying (P 1) and (P 2). It is clear that (P 1) implies (P1 
It is easy to see the following.
Proposition 21.
(i) It follows that μ is {1}-perfect, then it is perfect.
(ii) If μ is {1}-perfect, then it is Q -perfect for any normal subgroup Q of P .
The notion of Q -perfectness and relative projectivity are related as follows.
Proposition 22.
In the situation of Definition 20, assume that μ is the difference of the characters of
Proof. Immediate from [12, IV, Lemma 2.4], [17, 18] for (RP1) and Corollary 19 for (RP2). 2
The Q -perfect isometry is defined as follows.
Definition 23.
Let B and B be blocks of G and H , respectively, with a common defect group P , and let Q be a normal subgroup of P . If there exists a Q -perfect generalized character μ of G × H such that it gives an isometry between Z Irr(B) and Z Irr(B ), then we say that μ is a Q -perfect isometry between B and B and that B and B are Q -perfectly isometric.
Remark 24.
(i) We do not know the relationship between the ring theoretic structure of the centers of the block algebras over O and a Q -perfect isometry.
(ii) Let μ be a perfect isometry between two blocks B and B of finite groups G and H , respectively, and let I : Z Irr(B) → Z Irr(B ) be the map induced from μ. Then it is known that (1) modulo p is a unit in O and does not depend on χ ∈ Irr(B). See 1.6 of [3] . However, we do not know what happens for Q -perfect isometries.
The notion of isotypic can also be generalized, under the condition that two groups give the same fusion systems. However, since examples show that the centralizers of elements in Q do not behave well, we do in the following way.
Definition 25. Let G and H be finite groups with a common Sylow p-subgroup P . Assume that G and H give rise to the same fusion system over P . Let Q be a normal subgroup of P . Use the notation in the last paragraph of Section 2. Let I be a Q -perfect isometry between B 0 (G) and B 0 (H). If As is expected, the next thing is to give a conjecture concerning a Q -perfect isometry. To do so, the following result is perhaps good to see. Blocks with non-abelian blocks are treated there. (ii) We take [P , P ] in the conjecture. However, it comes only from evidence we have so far. We do not know how small Q should be in general. (iii) One should consider fusion systems of blocks together with some other data such as 2-cocycles of relevant groups for non-principal blocks.
Remark 30.
Suppose that finite groups G and H have a common p-subgroup P . Let Q be a normal subgroup of P . A Q -perfect isometry may exist under rather weaker conditions. For instance, if p = 3 and P is a common Sylow 3-subgroup isomorphic to 3 1+2 + , in most cases we found Z (P )-perfect isometries between B 0 (G) and B 0 (H) in the situation that N G (P )/P C G (P ) and N H (P )/P C H (P ) are conjugate in Out(P ), even if G and H do not give the same fusion system over P . See also the finial remark in Section 9 and Section 11.
In Sections 7, 9, 10, we give some evidence to the conjecture in the case where P is an extra special group of order p 3 and exponent p. To do so, we first classify finite groups having this P as their Sylow p-subgroups. This is done in Sections 5 and 6.
Some Sylow p-subgroups of rank two
Fix an odd prime p. The first half of this section is devoted to proving the above theorem. The assertion (i) of the above is easily derived from (10.2) (1) of [15] . However, we cannot find a suitable literature for (ii), and thus, we give an argument here. An essential part is the consideration on finite groups of Lie type, since for A n 's and sporadic simple groups, the structure of Sylow subgroups are well known. In fact, the p-rank for an odd p of A n is [n/p], and if [n/p] = 2, then Sylow p-subgroups of A n are p 2 .
For a simple A n , the order of its Schur multiplier is not 1 only for n = 6 or 7 and the order of the outer automorphism group is not S n only for n = 6. For sporadic simple groups, see [8] .
Consider Chevalley groups. Let G be a connected reductive group defined over an algebraically closed field of positive characteristic, and let F be a Frobenius map such that the group of fixed points G F is finite. 
F is a subgroup of the Weyl group, P is a semidirect product of an abelian normal subgroup and a subgroup of the Weyl group. For example, if p does not divide the order of the Weyl group nor the order of F 0 , and is good for G, then P is contained in a maximal torus fixed by F , hence is abelian. Those ideas derive the structure of P , and the detail is given in [15] . (See Theorem 32 below.) Using it, we consider the cases of simple groups of Lie type whose Sylow p-subgroups are of p-rank 2. 
Moreover, it is known that, if m ∈ W, then p is the exact power of p that divides Φ m (q). With these notations, the p-rank is given by Gorenstein and Lyons in [15] .
Theorem 32. (See Gorenstein, Lyons [15].) Let G be a universal Chevalley group. Suppose that p is odd and does not divide the characteristic of G. Let P be a Sylow p-subgroup of G/Z (G). Let m 0 , d and W be as above.
Then the following hold.
, assume that p = 3. It follows that P has p-rank r m 0 or r m 0 − 1, and the latter occurs only when p|| 
Table 1
Order of the universal Chevalley group. Table 2 Group
|Z (G)| r m for universal group condition
Next consider classical groups. The following gives the multiplicities r m of Φ m in the order polynomials of universal Chevalley groups. See p.110 of [15] . Table 2 . Suppose that p is odd and does not divide q. Then, the following hold.
Proposition 35. Let G be one of the universal Chevalley group listed in

(i) A Sylow p-subgroup of G/Z (G) is non-abelian of p-rank 2 if and only if p = 3 and G is either A 2 or
2 A 2 .
If this is the case, then a Sylow 3-subgroup is isomorphic to (C
(
ii) If a Sylow p-subgroup of G/Z (G) is elementary abelian of order p 2 , then the orders of its Schur multiplier is not divisible by p, except for the following cases. The prime p = 3 and G/Z (G) is L 3 (q)
with q ≡ 4, 7 mod 9 or U 3 (q) with q ≡ 2, 5 mod 9.
Proof. Suppose that the p-rank is 2. 
Assume first that p|| Z (G)|. Then, G is
Hence, if P is non-abelian, then d 2 and it is not extra special. If P is abelian, then d = 1 and it is isomorphic to 3 2 . The orders of the Schur multiplier is divisible by 3. Since d = 1 implies q ≡ 4, 7 mod 9 for m 0 = 1 and q ≡ 2, 5 mod 9 for m 0 = 2, we have the desired conclusion in these cases.
Suppose now that p |Z (G)|. Then by Theorem 32 again we have r m 0 = 2. Using Table 2 and the fact that p 3, we will prove that r p a m 0 = 0 for every a > 0 by case by case arguments. Suppose that G is A and m 0 > 1. 
For the case of m 0 , an argument similar to that for A works. Finally, consider the remaining cases, that is, G is A and m 0 = 1, or G is 2 A and m 0 = 2. We have 2 = r m 0 = in the both cases. Thus r p a m 0 = 0 only when p a = 3. However, this implies that the order of the center is 3, which contradicts p |Z (G)|. Thus in any case m 0 is the unique integer such that p|Φ m 0 (q). Hence Sylow p subgroups of G and G/Z (G) are abelian by Theorem 32. Then from [8] , the facts that p |Z (G)| implies that the order of the Schur multiplier is not divisible by p. This completes the proof. 2 Remark 36. Let the prime p divide the characteristic of a Chevalley group. Then, if a Sylow psubgroup has rank 2, then its Lie rank is at most 2 and the field is the smallest possible one. Namely, 
with q ≡ 4, 7 mod 9, or SU 3 (q 2 ) with q ≡ 2, 5 mod 9. 
is one of the groups listed in (i) of Theorem 31, and G satisfies M G Aut(M).
Proof. Suppose first that
Then N has a normal subgroup N 1 × N 2 which intersects with M trivially. This contradicts the structure of P . Therefore, N/M is simple and we have (ii) by Theorem 31(ii). If N/M is non-abelian and a Sylow p-subgroup of N/M is C p , then N/M is simple and splits. Thus we may write N = M × N . Again, N is then characteristic in N and hence normal in G. Now this is impossible by the argument for the case where M is non-abelian with C p as a Sylow p-subgroup, which is given in the last paragraph of this proof.
, and we obtain (iii).
Suppose that M is non-abelian. Then In the former case, we will show that p = 3 and + . Hence we obtain the desired conclusion.
Finally, assume that p [41] .
Surprisingly enough, cases of |F e | > 2 occur in very restricted situations and it may give an answer to the question asking why p 1+2 + appears as a Sylow p-subgroup of a sporadic simple group only for p 13. For these cases, the classification is given as follows. Again, it is found in §1 of [41] . In the above table, it is known that there is no finite group G such that F (G) is one of the fusion systems indicated "none". They are called exotic fusion systems. In general, let P be a Sylow p-subgroup of a finite group G. Then a subgroup Q of P is
See also p. 854 of [2] . We also remark that, if P is TI (trivial intersection) in G, namely, Now we consider local analysis of blocks. Let p be an odd prime and P = p 1+2 + . As is described in §3 of [41] , P is presented as
We have Z (P ) = [P , P ] = z and P -conjugacy classes of P are {z Fix a saturated fusion system F over P . Conjugacy classes of elements of order p can be determined as follows. Clearly, F -conjugacy classes of elements in Z (P ) can easily be described by Out F (P ). In fact, it depends on the index of SL 2 (p) in Out F (P ). Moreover, it follows from the condition (iii)(b) of saturated fusion systems that Aut F (Z (P )) consists of the restrictions of elements in Aut F (P ). Now, let V 0 , V 1 , . . . , V p be p + 1 rank two elementary abelian subgroups of P . We may assume that V i = z, xy i for i p − 1 and [41] yields that Aut F (P ) has a certain explicitly given element of order p − 1 for which some element in V i \ Z (P ) is an eigenvector. Thus, from Aut F (P ), it is in many cases possible to determine which of V i 's are F -radical. In particular, it can be done completely if p = 3. Furthermore, the F -conjugacy classes of V i 's can also be easily seen. Therefore, we can obtain all the F -conjugacy classes of p-elements.
In the case of p = 3, there are fifteen saturated fusion systems over 3 1+2 + . By using the classification of finite groups G with O 3 (G) = {1} having extra special 3-Sylow subgroups of order 3 3 and exponent 3, which is given in Section 5, we can make a complete list of finite groups with those saturated fusion systems. We summarize these results in Table 3 . For individual simple groups, we can figure out easily which saturated fusion systems they give rise to. We must look at related automorphism groups, too. In particular, groups with parameter q require careful treatment.
Let ω be a cube root of unity in the field over which the group is defined. For PGL 3 (q) with q ≡ 4, 7 mod 9, a Sylow 3-subgroup P is generated by a = (GL 3 (q) ). Since Aut (PSL 3 (q) ) is generated by PGL 3 (q)-conjugations, the graph automorphism and field automorphisms, the fusion systems given by those G with PGL 3 (q) G Aut(PSL 3 (q)) are either the type (4) or (7) in Table 3 , in accordance with whether or not there exists an element in G \ PGL 3 (q) which does not centralize P . A Sylow 3-subgroup of PGU 3 (q 2 ) with q ≡ 2, 5 mod 9 is also generated by the same a, b and c modulo Z (GU 3 
where
3 . Thus similarly, the fusion systems given by those
) are either the type (4) or (7) . Hence in the table, we write Table 3 Out
Groups G with O 3 (G) = {1}
(1)
2 ( * ) 
the groups related to PGL 3 (q) or PGU 3 (q 2 ) in both (4) and (7). A Sylow 3-subgroup P of SL 3 (q) with q ≡ 4, 7 mod 9 is generated by a = such that A is generated possibly by Galois automorphisms and the graph automorphism. Thus again, the groups related to SL 3 (q) appear in both (10) and (14), and the same is true for those related to SU 3 (q 2 ). The groups G 2 (q) with q ≡ 2, 4, 5, 7 mod 9 and 2 F 4 (q 2 ) with q 2 ≡ 2, 5 mod 9 give the fusion systems with Out(P ) = S D 16 . Hence, with any 3 -subgroups of their automorphism groups, they give the same fusion systems as those which the original groups give. As a consequence, for each fusion system, we can obtain the following list of groups. In the following table, the ( * ) indicated for the entries of the Out(P ) = Out F (G) (P ) column means that Out(P ) acts trivially on Z (P ). This holds if and only if Out(P ) is a subgroup of SL 2 (3). The entries of the columns a and b indicate, respectively, the numbers of F -conjugacy classes of whose elements are F -conjugate to some non-trivial elements in Z (P ) and those whose elements are never F -conjugate to any element in Z (P ). See also Theorem 1 of [47] .
Remark 41. Note that we have the following identifications.
(i) 3 A 6 : 2 1 ∼ = 3S 6 , 3A 6 : 16 , where σ is the non-trivial Galois automorphism of F 4 .
, He : 2 = Aut(He).
Some splendid equivalences
In this section, we give some splendid equivalences among certain principal blocks. It is essentially a summary of the results by Koshitani, Kunugi, Marcus, Nakabayashi, Okuyama, Rouquier and Usami, and we do not give arguments in detail. For the terminologies and notions used in this section, we refer the reader to [24] . Note that Broué's derived equivalence conjecture is proved for principal blocks with defect groups isomorphic to C 3 × C 3 , see [24] . Moreover, among some blocks with defect groups isomorphic to 3 1+2 + , there exist derived equivalences. See [27, 28, 35, 45, 46, 48] and [49] . By using the methods in [25, 39] and [31] , these results can be extended to their automorphism groups and central extensions. The authors are indebted to Dr. Kunugi, who suggests them these results. Let G be a finite group with a Sylow p-subgroup P . LetG be a finite group containing G as a normal subgroups.
Suppose thatG/G is a p -group. Thus the Frattini argument yields thatG = G NG (P ). Letẽ (G,H) and N (H,G) play important roles in giving splendid equivalences. Now, we give the following result, which is Lemma 3.6 of [24] . Though it is assumed thatH = NG (P ) andH = NG (P ) in that lemma, its proof works equally well for our case. [24, Lemma 3.6] .) LetG andG be finite groups, G and G normal subgroups ofG andG , respectively, and P a common Sylow p-subgroup of G and of G . LetH (G,G ) = M (G,G ) ⊗ B 0 (F G ) N (G ,G ) 
Lemma 44. (See
NG (P ), H =H ∩ G,H NG (P ), H =H ∩ G . Assume thatH/O p (H) ∼ =H /O p (H ), H/O p (H) ∼ = H /O p (H ). Assume alsoG/G ∼ =H/H ∼ = H /H ∼ =G /G ,
of B 0 (F G) with vertex (P ).
The above theorem and Lemmas 42 and 44 imply the following. According to [27] and [28] , the above equivalences are given by the following complexes. We use the notation given in the last part of Section 6. For (i), a, b and c are the elements of G = PGL 3 (4) generating a Sylow 3-subgroups P of G.
Corollary 46. LetG andG satisfy one of the following and suppose thatG andG give equivalent fusion systems on P .
(i) PGL 3 (q) G Aut(PSL 3 (q)), (q ≡ 4, 7 mod 9) and PGL 3 (4) G Aut(PSL 3 (4)). (ii) PGU 3 (q 2 ) G Aut(PSU 3 (q 2 )), (q ≡ 2, 5 mod 9) and PGU 3 (2 2 ) G Aut(PSU 3 (2 2 )). (iii)G = SL 3 (q) : A, (q ≡ 4,Let G = PGU 3 (2 2 ) and let Q = c . Then C G (c) ∼ = GL 2 (4) and C G (c) ∼ = GU 2 (2 2 ). As before, let M be the (P )-projective cover of the trivial F (G × G )-module F G×G . Let M 1
be the (Q )-projective cover of Ω (P ) (F G×G ). Then the equivalence in (i) is given
by the complex 0 → M 1 → M → 0 and several particular tilting complexes. Let τ be either the graph automorphism or the Galois automorphism of G of order two. It is important that P and Q and hence the above complex is τ -invariant and moreover it follows from the definition of the tilting complexes used here that they are also τ -invariant. For (ii), let G = SL 3 (4), G = SU 3 (2 2 ) ∼ = P : Q 8 , where P is a Sylow 3-subgroup of G . Define M as above. Then the equivalence in (ii) is given the module M and several particular tilting complexes. They are also τ -invariant as before. Now we have the following. 
Corollary 48. LetG andG satisfy one of the following and suppose thatG andG give equivalent fusion systems on P . (i) PGL 3 (4) G Aut(PSL 3 (4)) and PGU
The assertion (ii) can be shown similarly. 2
Here we recall the transitivity of splendid equivalences, which is due to Linckelmann. 
Theorem 49. (See [29].) Let G, H and L be finite groups with a common Sylow p-subgroup P . Assume that G, H and L have the same fusion system over P . Suppose further that B 0 (G)
and
Theorem 50. The principal blocks of any two groups G with O 3 (G) = {1} giving the saturated fusion system (4) are {1}-isotypic by a {1}-perfect isometry preserving the defect of characters. The same is true for the groups giving the saturated fusion system (7).
The next result can be found in [24] . Recall that M 10 ∼ = 
Theorem 52. (See [40], Lemma 10.2.11.) Let G and H be finite groups and R a common normal p-subgroup.
Write G = G/R and H = H/R. Let C be a bounded complex of (OGe) ⊗ (OH f )-modules, each of which is a direct sum of indecomposable with trivial source and vertex Q such that (Q ∩ {1} × H) = Q ∩ G × {1} = {1} and R × R (R ×{1})Q = ({1}× R)Q . Let e and f be the images of e and f through the canonical morphisms OG → OG and OH → OH, respectively, and C
= OGe ⊗ OG C ⊗ OH OH f . Then C
is a Rickard complex for OGe and OH f if and only if C is a Rickard complex for OGe and OH f .
Moreover, a version similar to the above, but given for Puig equivalences is also true. For example, Since the terms of the complexes used in the above theorem are projective, we can lift them to complexes over the central extensions and, by using Theorem 52, obtain splendid equivalences for central extensions. Moreover, they are extendible to their automorphism groups. However, this can be seen by checking that these projective modules over, for example, 3 
Transitivity of isometries for extra special groups
In order to give evidence to our conjectures, we give in this section some technical remarks for
+ , concerning the transitivity of Q -perfect isometries. Probably, the transitivity does not hold in general. However, it seems reasonable to consider the composition of a Q -perfect character and a {1}-perfect character.
We first consider the composition. Let G, H , L be finite groups, μ 1 and μ 2 generalized characters of G × H and of H × L, respectively. Then we define their composition μ = μ 1 * μ 2 , which is a
where X is a set of representatives of conjugacy classes of H .
The following is the main result in this section. Its first assertion is the shadow of the transitivity theorem (Theorem 49) of Linckelmann [29] . 
Theorem 58. In the situation above, suppose that G, H and L have a common Sylow p-subgroup P
Since μ 1 and μ 2 are {1}-perfect, it suffices to prove then that It is easy to see that then the assertion on isotypic holds.
(ii) By an argument similar to that in (i) we can show that (RP1) holds for μ 1 * μ 2 . Recall that c(P ; Q ) = 1. If (μ 1 * μ 2 )(g, ) = 0, then there exists h ∈ H such that μ 1 (g, h)μ 2 (h −1 , ) = 0, and thus
Hence for (RP2) it suffices to prove that
( * * ) {1} (g, h) . Then since the argument in (i) implies 
On the other hand, since H and L give the same fusion system, we have s {1} (h, ) = 2 from the above argument. Hence, ( * * ) holds. By the argument given so far, we may assume that
It is routine to check that |S 1 | = |S 3 | = p and s Q (g, ) = s {1} (g, ) imply that neither S 1 nor S 3 is conjugate to Q . 2 .
It is easy to see that then the assertion on isotypic holds. 2
Evidence for p = 3
In the rest of the paper, we give some evidence for Conjecture 28. In this section we look at the case of p = 3 and P = 3 1+2 + . We list up in Section 6 the groups which we must consider. From the list, we pick up the saturated fusion systems which are given by more than one finite groups G with O p (G) = {1}. Then, in certain cases, the results in Theorems 50 and 56 imply that there are desired isometries among the principal blocks of those groups. The remaining cases are as follows. In [47] Usami claims that there exist perfect isometries among several blocks. In fact, they give rise to {1}-isotypic. However, we do not give the isometries here explicitly since it is not difficult to find them. The result can be stated as follows.
Proposition 59. (See Usami [47], Proposition 4.) Consider the following pairs of groups
There exists a {1}-perfect isometry between the principal blocks of the groups in each pair. Moreover they are {1}-isotypic.
Remark 60. It is also claimed in Proposition 5 of [47] that for each of the following pairs of groups,
, there is not a perfect isometry between their principal blocks. However, there does exist a {1}-perfect isometry between B 0 (G 2 (2)) and B 0 ( J 2 : 2) extending that for B 0 (U 3 (3) ) and B 0 ( J 2 ). Moreover, they are {1}-isotypic. Notice also that Aut (U 3 (3) ) ∼ = G 2 (2). We just mention this fact and do not give here a concrete isometry between them.
Moreover, in [34] , it is shown that B 0 (U 3 (3) ) and B 0 (P : 8) are Z (P )-isotypic with a Z (P )-perfect isometry preserving the defect. Thus by Theorem 58, the principal blocks of any two groups G with O 3 (G) = {1} giving the saturated fusion system (9) are Z (P )-isotypic with a Z (P )-perfect isometry preserving the defect of characters. Hence, in this section we treat the saturated fusion systems (12), (14) and (15) only.
The rest of this section is devoted to giving several Z (P )-perfect isometries. In the following, 3A, 3B, etc. mean representatives of 3-elements in G indicated by the notation given in [8] . An important remark is in order. When we consider another group H simultaneously, sometimes H appears also in [8] . However, the letters used in [8] for the names of representatives of elements in G and H may be completely different from each other, namely, there may be no relations between them, even if they have common Sylow p-subgroups P and give the same fusion systems over P . If we have these situations, we keep the letters attached to the conjugacy classes of G and change those for the conjugacy classes of H so that the conjugacy class with the same letter have a common element. Characters are indicated by their degrees. If there are more than one characters with the same degree, we distinguish them by suffices. However, the ordering of those characters with the same degree comes from GAP and is sometimes nothing to do with [8] .
We indicate isometries usually with some generalized decomposition numbers attached to pelements not contained in Z (P ). This information is also used when we show that some blocks are Z (P )-isotypic. In doing so, we use the convention used in [39] . We give a signed bijection between the sets of characters in order to indicate a Z (P )-perfect isometry. One can check this fact by a direct calculation of the corresponding character of G × H using their character tables.
Proposition 61. (L 3 (2) ) is given as follows:
The decomposition matrix of G associated with 3B is as follows: 
The decomposition matrix of H associated with 3B is as follows: 
The following gives a desired isometry between B 0 (G) and B 0 (H). 
Proof. (i) and (ii).
In the case where q is a power of 2, the result follows from Theorem 57. Thus we assume that q is odd. Conjugacy classes of G 2 (q) are determined in [6] . In the notation of it,
, where ν 0 is a primitive 3rd root of unity, are representatives of elements of order three and 3A ∈ G Z (P ) and 3B / ∈ G Z (P ). We use results in [20] , where the 3-block structure of G 2 (q) is determined. The character tables are found in [7] and [11] . The following gives the characters in B 0 (G 2 (q) ). The column CH indicates the parameterization given in the CHEVIE and HS gives those found in [7] and [20] . They depend on whether q is congruent to 1 or 2 modulo 3. The column Degree gives the character degrees where ε = 1 if q ≡ 1 mod 3 and ε = −1 if q ≡ 2 mod 3. For χ 20 and χ 21 , the parameters in CHEVIE are both kK = (q − 1)/3 and those for χ 22 and χ 23 are
The blocks B 0 (G 2 (2)) and B 0 (G 2 (4)) have 14 characters and they are indicated by their degrees as {1 respectively, and the correspondences with the above order gives the desired {1}-perfect isometries between B 0 (G 2 (q)) and B 0 (G 2 (2)) for q with q ≡ 2, 5 mod 9, and between B 0 (G 2 (q)) and B 0 (G 2 (4)) for q with q ≡ 4, 7 mod 9.
As examples, we write some values of μ. Assume that q = 4 + 9m for some integer m. Let ν be a primitive (q − 1)-th root in the field of q elements, and ν 0 = ν q−1
where 1 i, j q − 1 and none of i ± j, i + 2 j and j + 2i lies in (q − 1)Z. Then
, and i / ∈ 3Z, and
, where 1 i q − 1 and i / ∈ ((q − 1)/2)Z, and furthermore, i / ∈ ((q − 1)/3)Z for g . Then, g 3 = 1 if i ∈ 3Z and g 3 = G 3B otherwise, and g 3 = 1 if i ∈ 3Z and g 3 = G 3A otherwise.
Let h, h and h be 1A , 3A and 3B elements in
ω be a primitive 3rd root of unity in the complex number field. Then, we have
Hence we can readily see that μ satisfies (RP1) and (RP2) on the above elements.
(iii) A {1}-perfect isometry between B 0 (G 2 (2)) and B 0 (G 2 (4) ) is given as follows. For any χ ∈ Irr(B 0 (G 2 (4))) , the corresponding element in Z Irr(B 0 (G 2 (2) (iv) Let G = G 2 (2) and let H = N G (P ) = P : S D 16 . There exist two conjugacy classes 3A and 3B
−1
. The conjugacy classes of G(q) are determined in [43] and there are 51 families of conjugacy classes. Assume that q 2 ≡ 2, 5 mod 9. We refer the reader to [30] for the block structure of G(q). There are 11 unipotent characters in B 0 (G(q)), and for an element a in the unique conjugacy class of 3-elements, we have C G(q) (a) ∼ = SU 3 (q 2 ) and it has 3 unipotent characters. 
1 ( * )
2 ( * )
4 ( * ) (N G (P )) ) for all d, even if G and N G (P ) may give different fusion systems. This means that the Alperin-McKay-Isaacs-Navarro conjecture [21] , which concerns only k 3 (B), holds.
However, notice that the equality holds for any d in this case. As is seen in Section 10, for all d, these equalities involving also the numbers of characters with given p-residues hold for the principal blocks with defect groups 5 1+2 + . Moreover, the above table shows that k 0 (B 0 (G)) 9 = |P /[P , P ]|. Namely, Olsson's conjecture [36] holds in this case, too.
Evidence for p = 5
In this section, we assume p = 5 and P = 5 1+2 + . We list up the fusion systems over P realized by more than one non-isomorphic groups with O 5 (G) = {1}. The columns a and b indicate the same invariants as before. See Section 6.
Groups with O 5 (G) = {1} Remark 65.
For the groups above, we have the following. [34] , where it is shown that there exists a Z (P )-perfect isometry between B 0 (G) and B 0 (N G (P )) and that they are Z (P )-isotypic.
Examples show that the composition of two Z (P )-perfect isometries is not necessarily a Z (P )-perfect isometry. Thus we must show that for any remaining pair, there exists a desired isometry. However, here we give explicit isometries only for some pairs as examples and omit the others, since it is not very hard to find them.
Example 67. Between the principal 5-blocks of the groups in any fixed pair of the following, there exists a Z (P )-perfect isometry preserving the defect and the residue of characters. Moreover they are
The following are explicit isometries. For the indication of isometries below, the same conventions as in the previous section are used.
(i) Let G be H S, and let H = N G (P ) = (P : 8) : 2. There exist three conjugacy classes 5A, 5B and 5C with 5A ∈ G Z (P ) and 5B, 5C / ∈ G Z (P ). We have
A perfect isometry between B 0 (D 10 ) and B 0 (A 5 ) is as follows:
The decomposition matrix of G associated with 5B is as follows: The decomposition matrix of H associated with 5B is as follows: 
(ii) Let G = U 3 (5) : 2 and let H = N G (P ) = P : (8 : 2). There exist three conjugacy classes 5A ∈ G Z (P ) and 5B, 5C / ∈ G Z (P ). We have
2 . The decomposition matrix of G associated with 5B is as follows: 
There exist three conjugacy classes 5A ∈ G Z (P ) and 5B, 5C / ∈ G Z (P ). 
The decomposition matrix of G associated with 5B is as follows: 
The decomposition matrix of H associated with 5B is as follows: The decomposition matrix of G associated with 5C is as follows: 
with 5B is as follows: The following gives a desired isometry between B 0 (G) and B 0 (H). 
(vi) Let G = Co 3 , and let H = N G (P ) = P : 24.2. There exist two conjugacy classes 5A and 5B with 5A ∈ G Z (P ) and 5B / ∈ G Z (P ). 
The decomposition matrix of H associated with 5B is as follows: 
(vii) Let G = Co 2 , and let H = N G (P ) = P : 4S 4 . There exist two conjugacy classes 5A and 5B with 5A ∈ G Z (P ) and 5B / ∈ G Z (P ). The decomposition matrix of H associated with 5B is as follows: The following gives a desired isometry between B 0 (G) and B 0 (H). 
Remarks
The remaining cases where there are more than one finite groups G giving the same saturated fusion system over P = p p) ) and N G (P ) are also examples. In each of these cases, P is TI in G. The groups J 4 , U 3 (p) and PGU 3 (p 2 ) are treated in [34] , where it is shown that between B 0 (G) and B 0 (N G (P )) there exists a Z (P )-perfect isometry. Moreover, they are Z (P )-isotypic.
As is remarked in the last remark of Section 9, there are Z (P )-perfect isometries in some more general situations. More precisely, if two groups N G (P )/P C G (P ) and N H (P )/P C H (P ) are conjugate in Out(P ), then there seems to be a Z (P )-perfect isometry between B 0 (G) and B 0 (H). For p = 3, these situations can be found in Table 3 We here remark that the existence of a Z (P )-perfect isometry is sometimes not a so strong condition. To see it, we take p = 5, G = T h and H = N G (P ) = P : (4S 4 ) from the above Finally we remark that in all the examples we raise in this paper, μ can be chosen so that it is σ -invariant for a certain Galois automorphism σ . To see which σ we have to take, the authors refer the reader to [33] .
Appendix A. The character table of B 0 ( 2 F 4 (q 2 )), q 2 ≡ 2, 5 mod 9
Let p = 3. Let G = 2 F 4 (q 2 ), q 2 ≡ 2, 5 mod 9. Then G has 51 families of conjugacy classes and B 0 (G) has 14 characters. The orders of their centralizers and the numbers of classes in each family can be found in [43] . We use the notation in [43] for representatives of conjugacy classes. Thus u 0 , u 1 , . . . , u 18 are representatives of unipotent classes and t 1 , t 2 , . . . , t 13 are those for families of semisimple classes. We write however t i u, t i u and so on for representatives of other classes, where u, u are certain non-trivial unipotent elements. We can see them explicitly in [43] , but for our purpose, only the information on for example their orders are necessary. Representatives of classes which are 3-singular are t 4 , t 4 u, t 4 u , t 4 u , t 4 u , and with certain parameters for t 5 , t 5 u, t 6 , t 14 and t 15 . If every character in B 0 (G) has the same values at more than one families of classes, we write them in one column. In fact, for example the column t 1 u gives the values at three families of classes. 
